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Let L : U → V be linear .

fix a basis (ordered ) for U ; say

B= ( b
, ,
-- -

, bm ) m=d

let C = ( c , , -
. .cn ) be an ordered basis for ✓ .

n=dim@
E : the standard basis for U

{ F : i. " " " V
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y
,
matrix of L w -

rut the bases B. C

[ L ]
,

: = [ [Llb , )]
,

- - - - -- [ Llbm ) ]
,
] E Rmm

[LIB := [ LJBB ,
[ LIE = :[ L]

to
standard basis

-

Proposition For all UEU .

( Lcn ) ]
,

= [ L ]
'

[ u ]
,

.

B

Proof . Let [ uT☐ = ( d , ,
- > am ) -

Then

L (a) = L Cab , -1 .
-- + ✗mbm ) = A Llb, ) + in -12mL Cbm )

[ Llnl ]
,

= a [ Llb ,
]
,
-1 - u - +4m ( Ubm ) ]

,

= [ [ Libido - -
- Clcbniz ][¥m]

a

= [ LIE [ h ]B
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transitive

Proof . For all utu :

(TI )
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[ L ]☐F [ u ] , = [ Llnl]f = [ Llhl ]
,um um

[ L ]☐c [ u ] , = [ Llnl]e

-

☒ Consider L : Pz → 113

{ Lcpcx ) ) =p 'l✗7=%pc⇒ .

Let B = (X , 2×+3 . 2×2-3×+4 ) .

C = ( -I -1×+1 , - Is -3×2+2×+3 , ✗3-3×2+2 , ✗2+4×7

be ordered bases for Pz and IPs , respectively .

Find [↳ 5 .
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The standard basin for Pz is E={ 1.x, -74

" " " Ps is F- { tax? is }

[ L ] ; = T-f.CL?zF--(TcF)- ! [ L ]

= [ E-Intl ] f- [ -✗3- 3×2+2×+3 ] ,= [✗3-3×2+2] ,= [É+4x]f

, ,
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,
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6 -8 16
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* The main computational difficulty here
is to find the inverse .

Éxanple L : IR
""

→ PY
'⇐

4×1=4 ?
, ] ✗ . linear :

• 4×+41=[1-7] ( ✗ +41=[1-3]×+67,51
=L (x ) + LCT)



• Llkx)=[ E) Ckx)=k[]X=k4X)
-

We find [ L ] } of L in the ordered bases

13=4 : :].CI?I.c::I.I::.Dc--(I:H.L::Hi:H: :))
( L ) ; = ( Tee )

"
[ L ]pÉ ,

where

E=( [ i. 81.1 :L ] .[ iii. [ °o°, ])
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-1.

Lcbz ) -- [
'

o -7) [ Is 71=[-3-1]



[ L ]☐c = [81s -4 2% 215÷ : :*
-
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-113 I -213 -113

* Notice that the matrix of L in the standard basis

[ L]=[↳ É = [4%31%3] , 11%11%1 ]⇐ [ [ ¥11T :D
,
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. 11 : :D

.
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.)
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subset vector span with an ordered basis B

q f

Definition. Given S C- U
,
we let

[ 5)
B
: = { [ u ]

,
: uts }

Example D= { 1-x , 2-1×1 c- P
, ,

E= { 1.x }



(5)
E
= { ( 1 ,-17 , (2,1 ) } -

linear

L :U→v

Proposition We have

[ ran ( L ) ]
,

= Col ( [ LIE )
( Ker (4)

☐

= Nutt ( ( LTE )

rank ( L ) = rank ( ( LTE )corollary :n.w
E- 4%31%11%11 :D }f

Example Let L : IR""→ P2 F- flux ,x④
LCA ) =3tr(A) + Athi ) x2

[ LIE = [44%71]
,

- - -
- [ L( [°o°, ) ) )

,=
] 31¥

= [ [3+0×2] ,= [3107+0×2]
,= [3107+1.5] ,= [ 347+0×5 F)

=L ? :& :]

A bae for Col ( [ LIE ) = { (3%1,140,1) }
⇒ A basis for ranch is { 3.x

'

} .

⇒rank②



A bass for ÉÉ) :

3 ✗ ,
+ 3×4 = 0 ⇒ ✗ ,

= - ✗4

0 = °

(K,Xz,X3,Xy)=tt,s,o✗3 = 0

⇒ a bass is { C- 1
, o , o

,

1) ,É }

⇒ { Ed 9) , to I } is a bass for larch

→ muity②
Remark

rÉY=2+=4=dmR
"

theorem ( Dimension
,

Rank- Nullity )

for any linear transformation

nullity ( L ) + rank KL) = dim ( doin ( L ) ) .

t

domain


