
L : V→ V
.

If u -1-1 Such that Lcr) = Xu

for some real number X
.

Cairo ) : eigenpair
b \

a correspondingeigenvalue
eigenvectorfort

Proposition ~ -tQ is an eigenvector of L :v→v

with eigenvalue t ⇐ vekrer ( L -II )
to

identity
Pret LW ) = Tv ⇒ LW ) - TV = I

⇒ ( L - II )v = Q

⇒ VE her ( L - TI ) .

Define Ex : = her ( L- XI )
,
which is a subspace

of V is called the eigcnspace of L corresponding

to 2 .

( Reflection about y=2x in 1122 )



Lou
, ) = ~ ,

(71--1)
LW)

fuel
1,21← {

~
,
c- Erker / L -I )

(1-1)=4

{
Lcvz) = - Vz (72=-1 )

0 Nz C- E- , = for (LTI )

E
,
__ span { 4,2s } - geometric multiplicity =dimE , =\

E-
,
= span {C2 ,

- 1) } dim E-1=1

* geometric multiplicity of
an eigenvalue ② of = dim E

,
=dinker(L-dI)

L

= nullity of L - II

_=

Deth If A EIR
" "

.

Ax = Ax
,
✗ =/QEIR

"

#
eismvalne , ,

Lcx ) = ↳ Cx ) : = AX eigenvector : ✗ =D

Proposition The vector ~ is an eigenvector - f k with

an eigenvalue 7 ⇒ [v3
,
is an eigenvector of

=

EL]
,

= [LIB with eigenvalue ¥☐

Levi = Au ⇒ [Lhs ]
,
= [Tv ]

,

[L]
,
[v3 = 7 [~ ]

,
B



C- 1Rh×n

to

Proposition A scalar 7 is an eigenvalue of A- ←→

detCA-x⇒=#
Proof . ✗ is eigenvalue of A ⇐ Null (A -7=1 ) is

nontrivial (i.e : CA - ✗ Ia nonzero

=

solution x ) . ⇐ det0

Deth : The characteristic polynomial of AEIR
""

is the

polynomial

charpoly (A) 1) := det CA -TI ) .

dig Charpaly (Aia) = n A- c- R
""

Notice : Each eigenvalue of A is a root of

charpsly (Ait) .

Def The algebraicmultiph.it# of an eigenvalue

✗ is the multiplicity of ✗ as a root of

chapolylAH.ph
) = a -1pct -135

6=1 ihas muHtfI✗=-3 x



Deth The Spectrum of a square matrix or a linear

operator is the set of eigenvalues .

TCA ) or
TCL )

It is clear 0cL ) = r ( CL]
, )

Exanpte A = ( to }) .
End the spectrum of A .

charpolyCA.in) = det CA - AI ) = det ( (I } ) - al ! °, ) )
=
def (

1- × 2

o 3-×) = ( H) (3-7)-0.2=(1-2) (3-× )

⇒ eigenvalues of A are 1--1
, 3. ⇒ FCA1={ 1,3 } .

{
algebraic multiplicity of (1--1) = 1

e-
✗ ✗ (1--3) = 1

Proposition If A - B then charpoy (Ai)
= Charpoly (B.7) .

nA=BP p:p

Charpsly (A. b) = Char (ftp.jj-det (
FBP -⑤ )

= det ( F' ( B -AI)P ) =
det ( Pt ) Iet (B-XI ) detcp)

reciprocal



= det (13-7--1) = char poly 43,7) .

Define The characteristic polynomial of L :v→v

is charpoly ( L.A ) : = det ( [ LIB - AI ) where

B is any
ordered bass for ✓ .

[↳c- [↳ ☐
B. C : different

firebasesof V.

Example OEIR is an eigenvalue of A (or L )

if her (A- OI ) = her (A) is nontrivial .

meaning A is not invertible ( singular) .

0 is not eigenvalue ⇐ A is invertible .

of A-

-

Diagonlizatim

An ordered basis pbn ) consisting of

eigenvectors of L leads to the equation,

Llb ;) = ijbj 5--1 ,- in



[ L]☐=[¥oÉ%] is a diagonal matrix

eigenvalues all appear on the diagonal.

Define A linear operator L :v→v or a matrix A

is digonalitable?⃝ there exists a basis -consisting

of eigenvectors .

Algorithm To diagonalize a square matrix :A :

1) Find the characteristic polynomial .

2) Find the spectrum as the roots of the characteristic pslynon.cl.
3) For each eigenvalue b. find a bass for the

Nute CA - TI ) = Ex

4) If the algebraic and geometric multiplicities for

any 2 do not match
,
then A is not diagonalized .

5) Build a matrix I usaj the bases for the

eignspac.es as columns .

6) Build a diagonal matrix D from the eigenvalues

of the columns of P .

7) D =P
- '

AP
,



3 - I -2

)☒ We diagonalize A = ( 2 0 -2

2 - I - I

Charpoly (Ain) = det CA -TI ) =/% ?
, , /2 ⑧→ -2

= -73+2×2-2 = - ✗ (5-2×+1) = -✗ (c) -1?
free

rc A) = {0 , I }
Rou

o ① -1)1 ! a- 1¥.int?: ?
alg . multiplicity :?⃝ ②

Eo , El = ? ✓Xi - ✗3=0

✗2 - ✗3 =
0

* Eo = Null ( A - 0 I ) = Null (A) = Span { Cl , 1,17 }

nullity ( A - o I) = 1 (# free columns

in echelon form)
⇒ geom - multip . of is 1 . ✓

also algebraic

* E
,
= Null ( A -I ) = Null (I ) = Null Fo To %)

2 - t - z
0 0 0

leading
✗ is

free
2×1 - Xz -2×3=0

1
im

2×1 = Xz 1- 2×3 ⇒ Xp = f- ✗z -1 ✗ 3

(Xuxa, Xz )
= (£Xz -1×3 , Xz, ✗3) = Xz(¥0B , 0 ) -1×3/1,0 , 1)



Null ( A- I ) = span { ( tz , 1,0 ) , (1/0,1) } .

geom - mwltip . of 1--1 is 2 = algebraic multip. .

B = { ( 41,17 , c
'
z , 1,0 ) , ( 1,0, 1) }

D= [ § I F) = [ LA ]☐B = TEB [ LA ] É TBE
L Tt =p

(T☐E )
- '

=p
"

z o - z ] [ I % & ]=ii:iH::-
A
"

= ?

D= P
- '

AP ⇒ A = PDF
'

⇒ AZ = (PDF
'
) ( PDF ) = PIP

"

-

A
>
= ( PDF ) (PDF) (PDF ) = PD

> Ñ
'

'

:

Ah = PDkp
" Dk = (H .

?
,;)

→

A-
50
= P D
"
P
"

= ID P
- '

= A -

¥ b/c X=
-



trample Who'sG Andy , Bob, Caren , Debra
= = = =

whiisthec.ro#person ?

- Andy has a crush on Caren
.

- Bob likes Andy and Caren .

- Caren thinks only Debra is cool .

- Debra is a secret admirer of Bob .

A --> C Xi ✗ 3

"41 v.IT
-rD X2← ✗

4
•

Let Xi ER be cooker factor of the ith person

0.5 Xz= ✗ I
- 0 0 .

(05 0 0 I05×1-1×4=+2
as

? ;) =/¥;)
G. 5×1+0.5×2 = ✗3 0 0 I 0

✗3 = ✗
4 T¥

charpoly (A. f) = d
"
- ¥5 - It - -4 ☒ =L )

t

E
,
= span { (2,4/3,3) }

I

Bobisrtheoot!



11

Normed space measure length of vectors
"

-

II. 11 : V → IR
"

norm
" is function

properties Kev

① Hull 70 , hell =o ⇐ ~ = I

② 11 cull = ICI llull V-cc.IR
,

trev

③ llutvll I tall + ✗ v11 turtle

vector space
9

A normed space : ( V ,
1.11 )
&
norm on

VIR"

p- norm ( lP_ norm ) p > 1 , p=x
=

11 ~ "p = ( vii.+ - iron /b)
"
P

p > I

~ = ( ~ , i -
-- .vn )

lulls = max { wit , - -stunt }

d- norm : hell
,
= ( ÉIVJIZ )

"
Euclidean norm

f- I 12 - norm -

11011ns £110112 I Hull ,



F- = ( ( [ on ] ) continuous function F :[an -1112
b

✗ ftp://lfixs/Pdx)& LP -nom
a

p

111-11 i. = max lflxil
aE×Eb


