
Lectures

Flattening construction : build larger matrices out of
-

Smaller ones

A : = [ I 2 ]

IB c) = [ ? I } I ]
Bit? %)

C :[ } %)
[ B AT ] = [ ? I 1) : augmented

[ IT A ] = [ IT I 2 ]

e
, ,

- - -

, en : unit vectors in IR
"

.

In = [ e, ez - - - en] : the identity
matrix of
size n .

Basicmatrixopenatimr-AE.IR" "

, define AT Cthe transpose ofA) C- 112
""

Atci
,;) := Acjil

1 : "
( 1,251 = [ I 2 ] IT -_ I

Acc;-)
Symmeticmatrix :(square such that ) AT-_ A .

=Ac; .is



A- ( ab bed ) is symmetric

b d) A -_ AT⇐ b=cA- = I¥d ) ⇒ AE ( a c

'

i.

(
a de

d

e bf d- ) is

symmetric
: : :]-1=4%1
-

Properties ( AT )T=A ,CA-iBF-AT-BTC.CAT
= CAT

Definition If Ae /Rn
"

,
then trace of A is a

real number
n

tr (A) : = [ Ack ,k )
Lu

tr [ ! ;] = 1+3=4 trCIn)=n

tr( AT ) = tr (A)

n
to

(b/c I ATch.LI = ÉA Chik ) )
1<=1 K=,



linearcombinatiati.namecombination of objects ~
, ,
- .vn is of

d

the form different things

n

I Civ ; = CiU ,
+ cznh-in-cn.vn

a-=\

where ci c- 112 .

objects could be
,
for example :

matrices ,
n - tuples , functions

, , polynomials ,
sequences

E-

Write play)= 2×2+2 YZ as a linear combination of

qixiy )= lx -y )
' and rlxiy ) = xy

2×2 -12g
' É C

,
( x -YY -1 Czrxy for some G.cz EIR

t I
2 4

hinewcombinatimofmatria.sn/n
Let ARI ? Define A -113

,
A - B

,
cA ,
- A C- IR

componentwise-T-mexa-plei.CA
- B) Ii , ;) : = Aci , ;) - Bliijl



1¥
A - B = A- + C-B) ,

- B =L- 1) B .

Properties A -113=13 + A commutative

A- + (Btc) = A-+B)+ C associative
c.DEIR

A.BEER
""

CCA +B) = cA+cB distributive

Cct d) A = c A + DA ✗

Lcd ) A = c(dA ) associative

Matrix Product
=

A- c- KmÉP×k ,
define

(AB ) E;j= ) : =
" take the dot product

between the ith row of AT and j th column of B
"

n

ABE pink
= -2 Acid ) Btl ;)

=
1=1

=
=

[
'

} } ] [ ? I ] = [
"' " '° ' ' 1-11+2131 ] = [} ;-]3121-14101 3 C-1) + 413 )

2×20 ②✗2

a-
size of the product

[ a b ] Ex y ]T = Ea b ] [ Ty ] = tax + by] ,× ,



Properties

ftp.cmatriasofdappropriatesize#
A CBC ) = (AB ) ( associative

A- ( Btc ) = AB + AC

(A- +B) C = Act BC

c( A-B) = @ A) B = AUB)

IA=A,AI=A_

Rem If AB is defined , BA might not

be defined

① HE IÑ
"

,
Bt IRS
"

⇒ ABE IRZ"

BA undefined .

② AIB
,

AB & BA are defined if

Bek
""

⇒ {
ABE IRM

"

term
"

- BAE Run

③ Even A. BE BE
"

, AB =/BA in general



g
( b 4) ( Ebd ) = ( at

" bird

3A -14C 3b -1yd )

( I db ) ( 13 ;) = (
a -13 b za + 4b

Ct 3d 2C -14d)
They are equal iff

=

a -12C = a + sb A
/
= ( 13 } ) /=

commutat of A
c-13 d =3a -14C4:÷÷÷
. = { B) AB=B A /
- =

homogeneous

tÉtw?-
Definition

A directed multigraph :

{
Vertices 3m . - . .vn }

Edges : paths from Eui to ~j

Adjanay matrix :

N
,# N

z

t A ei,;) : = # of arrows for
V3
✓ ni to ~j

-

A pins A- = [ § §
°

;D



notice

AZ = AA = ( § 8 }µ
there are two paths
of length z from ~,

O O l to V3

Proposition
ii. j I = # walks from vi to vj in insteps .

(Try to prove this for n¥ . )
-

Matnxfwm•fsyskmofEguatims_

✗ +24 = 5
⇒ [

'

, 1) [g) =L ? ]

k Tetter

yA- matrix

Notethat
✗ 4) + y -135=-19 ]
-

a specific linear

combination of the columns of A

mean, the coefficients vector is

aFinearcombinatimofthe.co/umnsof-#
* If A = [ C ,

Cz -
-
- Cn ] with columns 9, - - ycn



then A [ Eh ] = 9Gt - + anCa=Éajc;
jam
a linear combination of

C
, ,
- - r
(h .

Ex_ Can we write 4,2 ) as a linear combination of

G. 1) and C- 1,2 ) ?

[
'

z ]=a[ ! ] -1b£! ] -- [1-1]-1;]I 2

Animated : [ I :| :] [
' - '

Ii ]0 3

36=1 ⇒ b = 113 bÉ a - b = I ⇒ a = 143

431-1,21

lnverseMaH
A
,
B square matrices

If AB = BA = I ,
we write

A-- Bt ( or same as B-- A- 1)
If so

,

A is called invertible or regular

Otherwise
,
non - invertible or singular .



EE Find the inverse of A- = ( LZ) .

Let B=( { f) and demand

AB=BA= ( L 9)
-

(A)
"

=tA (AB)"=B"f
If A ,B are invertible

matrices

proof .

1) the inverse of an invertible matrix is unique

AB=BA= I and AC =CA=I

B = BI = B. (Ac) = (BA) C = I c= C.

( therefore , write B=C=A
"

)

2) CAB ) B-
'

A
"

= A CBB
"

) A-
'

= A- I A-
"

= AALI
and

( B-
'

A) ( AB) = B-
'

( A-
'

A) B=B"IB=B"B=I

Proposition If we have a system of n equations

M coeff . matrix c- IR
""

in n variables

Ax=b
t t
in /Rn

✗ I



and if It is invertible
,

then

✗ = A-
'

b (uniquely) .

A-
'

(Ax = b) ⇒ (A-
'

A)✗ = A-
'

b

I ✗ = A-
'
b

✗ = A-
'
b.

Elementaymo.tn# :

A matrix obtained from the identity matrix using

An#0pÉm .

^

Notation : I②_ E
=

2×2

t

I =L ! °, ]
És E

,
-
- [
°

,
I ]

I = [ to
°

, ]
RÉ% Ez = [ I ;]

I -_ [ ! 9)
'

Es :[ I
-

i ]

wrikall2xzelementaymatn.fi


