
If AE lRm✗④
,
then

rank (A) = dim coin?
"

em

nullity (A) = dim NM¥¥ En

?ÉA¥Tuity(A) = # columns of A = "

t ¥pa
columns

in R

R : a row - echelon form for A=

-

④ Linear Transformations

DI! v. ✓ : vector spaces

function L : u → v is a

live.artransfnmat.it
1) L(u+u ) = L (a) + Lcn .

for all hive U

(additive )

27 L (Lv ) = ✗ Lw ) ,
for all ✗ c- 112

,
VEV

(multiplicative )

If U=V
,
we call L a linearoperatore

.



Exwpbs_ ① Liu → ✓ Llu ) = IEV ,
the U

'
zero map

'

② Liu → u identity map

Llu) = u

& Lcn ) = ku
,

Kek fixed . )
-r

③ L : IR
>

→ 1123 t.ca/b)--.Cb-a,oi3a)

( I/o)

q
L Cais ) =L ( aeitbez) =L Gee , ) + Lcbez)

}
Co
, , ,

= a Lleil + blcez )

I T.cp.fr/PB)
( ✗ 11 ✗2)✗3)

= a ( 4,4 ,
✗3) t b ( Pi / Paps )

= ( diatpib , dzatpzb , 239,1-8> b)

For example , Lla /b) = (b-a. 0,3A )

=
" ":¥



④ L : IÑ
"

→ IÑ
"

{CA
-11351=-1++151

LCA) = AT CKAIT -- KAT

⑤ L : IR
""

→ IR
n n

L¢aij]n×n)=?E¥ii

⇐
L (A) =tr_A )

to :) .
(%) , (%) , (°o°, )

tr d d d
' d

l 0 0 I

⑥⑥ L : Pn → Rn

L ( poi ) = % pan

⑦ L : Pn → 113+1

Lcpcx) ) = f×pu→dt
'

or

Lcpcxi)=xptx)
9

xtpiii-Eiii.FI?+xgEi?Lckp7--xckp1--ktxp1
⑧ L : → IR

.



LCpixD-pczl-3pc-ILlpc-n-qcxp-C.pt
g) (2) - 3 Cpt g) 157

= per) +gas - 3 pcs ) - 38151

= Pch - 3pc⇒ + ( gin -3Gt, )

=L ( p) 1- 2cg 7 .

E = {j=É} standard kai for Pn .

L 111 = I -3 =
-2

L 1×1 = 2 - 3 (5) = -13

4¥
=

!

LC~il-2n-3.SI#Whatabout-?LCpCxD=ffpctidtLcxpc-n1--d-dxP
" '

= ✗-L ch = 0

Lcxl = I 4×7 = Ñz
Lai)=2✗ '

;
i.
Lai ) =nx

"" Lex") = ✗!



⑨ L : IR
>

→ 1122
"

rotation by 90°
"

Lla
,
b) = ( - b. a)

④ If U is finite dimensional

L : U → yzdimcu )
B is on ordered{ L (a) = [u ]B basis for U .

-

Exanpln_ Are these
maps linear ?

① Lca
,
b) = (a-11,0 ,

b- a) Life→ IRS

N±bkLCQu)-fQ✓_
L ( 0,01 = (1,0/0) =/ (40/0)

⑦ L : 112¥ /R
,

L (A) =

detCAI.LU/t)--detC2A)--4detCA) .

7- 2 det (A) .

Ll ! :) + L( °o°, ) = 0+0
L( to 9) = I

*



Kernel and Range

L : U Linear ✓

her ( L ) = { we U / Lcu )=e } a- U

☒ ddx : Pz → Ps

Ker (%) = { pox> c- Ps / ¥ pan =o }
= { constant polynomials } - Po

§ : Pz → Pg

Ker ( ft ) = { pan c- 113 / {
✗

pcxldx -_ o }
for all ✗

= { o }

Cao +qttazt
'
+ast} dt = aox -19×{+932^9} + 93 ✗% = o

☒ Given A- c- 112mm
,

define

L Cx ) = A ☒ , ✗ c- IRM

{ L : Irm→ Rn

q Lcxty )
= A- 1×+81 = A-✗+Ay =LChilly,



¥9 { Lexx )= A lax ) =
✗ Atx ) = ✗ Ax,

f.
her CL ) = { ✗ c- Irm / Lexi __ I }

= { ✗ c- IR
" ) A✗== }

= Null (A) .

-

Proposition Kerch) is a subspace of U .

L :{iii

Proof .
Let u

, .az c- her LL ) . This means

Lcu
, ) = ( lar ) =

OL
Cu#-) = LIU , ) -1L 1427=0--1Q=Q

{ → 4+42 C- Ken (2) .

LCdui7-dl.cm/--d.Q--0-Range-(or image)

ranch :={ Lca , / ueu } EV

Prop .

ra:asubÉv .

Ffv
, , v2 C- ran ( L) ⇒ Fu , , uz c- U such that L (4)=y

[ cuz)=Vz



=]
V
,
+ Vz C- ran ( L ) .

-

Nullity ( L ) : = dim (kerch )
rank ( L ) : = dim ( ran (4)

_¥n
☒ ↳ (X) = Ax

→
Col (A)

rank CLA ) = dim( = rank (A) .

nullity (4) = dim ( her (4)
= Iim ( Null CAD
= nullity (A)f

{Ax / ✗ c- Mm } = at CA )

A |¥✗m) = ✗
,
Col

,
(A) + Xz Gk (A) + -- + Xm Colm (A)

⇒ { Axl ✗ c- IRT } = span { 601 , (A) ,- - - , Colm (A) }

=GlCA#

bijection :

one - to -one (injective )
+

onto (surjective )

Liu if that is bijective is called
=

=



an isomorphism .

onto :
ranch)=V

-

: LCu)=LCu)⇒U=-one - to - one

✓
which means if

[ (a) - Lcu)=o then u- U=o

-

L( u -N ) =o then u - u __ o

w

w

L (w ) =o =] W=o

¥4

one-to-one
£

ball)={I }means

Isomorphism :
A linear transformation that is

bijective .

-

Example-Lo.lt?cxi-lR2pix)--a-bXLCpcxD--(pci-p-2) )



lslline.cn?LCpcx)+qcxi)--(ep+gicnCp+gKz
,)

= @a) + gas , p
'

+ qtr , )

= ( pcn.pt -2 , ) + (ga ) 942) )

= Lips + leg,

Do the same for L Ck pcx , ) .

forexamph_

( ( x) = ( 1 , 1) , L (1) = ( 1,0 ))
so

, yes !

②

lskanisormorphism.7-lsloneto.com?kerCL)--
{panep

, / pen __o , plz , -_ o }

pal = a + box
-141=9--16 = o

→ P'(2) = b = ,

⇒ a=b=o

kerCL)={#
L is injective .



- Is L :P
,
→ 1122 onto ?

let Crick? Can we find past /P,
&

such that a+bx_

Lcpcx ,)= ( ris )

Lcantbx )= fatb , b) = ( ris )

b=s
, a=⇒
-

L ( r- s + sx ) = ( Ks ) .

⇒ LisÑto_

⇒ L is an isomorphism .

-

We say V.V
are isomorphic

,

if there exists an isomorphism U=#

L : u → V.

theorem U=V ⇐ d = dimv


