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Cramer'sR@

Notation BE IR
" "

,
~ c- 112*1 : column matrix

Define

Bi[~] : Replace the in column of B by 0

B¥
. [ 1,2

,
] v=[§ ]

B. to ] = [§ f) Bzcv ] = [ } { )
-

EI if I c- IR
"

is the identity , v=( 7,8 ,q )

Izcv ] = [ tf } § ] = [ e
,
v es ]

I
, IN ] = [ u ez es ]

-

Lemmy det ( ÷ :[ v3 ) = Vi = Vci )

Pret

cofactor expansion along the ith ME gives



~ ( is def CI ) = ~ Lil .

-

system Ax = b At IR
""

X , be /Rn
✗ I

1.
i-th column

A ( Iilxi ) = A [ e , - - -
É

- - - en ]
b

= [ Ae , - - -
- -

- Hen]
hmm

lstlohh I

• f- A nth column ofA

Afb ] =
✓

A = AWI = A [ e
,
- ei - - - en ] = [ Ae , - - Aei - ten ]

If A-✗ = b then

Sammy :

A ( Iihs) = Ai Eb ]

det CA Ii (a) = detcA) detÉÉÉ=det (Ain)
⇒ XCi)=✗i=÷¥ Crane 's

formula



E± {
✗ + 2y= it

3×+4y= e

[ 's 7) [f) = [ I ]

✗
=ÉH g.

¥1
1 : :| 1 : :|
417 - Ze

=

I Y=e
-

Classical Adjoint
dealt )=Éc→i⇒aijdetlAi;)

j= ,

A c- IR
" "

,

classical adjoint of A is defied

by

adj (A) ci , ;) : = c- 1)
" I det ( Aj;)

In other nerds
, adj (A) is the matrix obtained

from the transpose of the cofactors .

III. I -1%91 theft
A=[ ad eb f) → adjlA1= -411 1 : :| - *

g h i

1%1 -1%11%1
3×3



Observation

A- adi(A) =ad,
-

(A) • A = [
"" 0 0

⑥ detllt ) 0

0 0 detl

- al : :/ + • 1 : :-| -4 ; :|
a b c

=det[ag ben =0

A.adjdtl-adjcAI.A-detA.IT for all
A- c- ☒

nxn

In Particular
, if A is invertible ( detA→o )

then

A-
I
=
1-

adjcAI.de/-#



③ Vectwspaus

Definition A vectorspau is set IT with

two operations :

• vector addition unto c- IT
,
farad
U

,
V

• Scalar multiplication : cue ✓
,

CHR

UEV

Suchfhwt :

→ for all

① V-u.ve V : u -1N =V+u

② V-u.ru , we V : @ + u )+w
= hicvtw )

③ a zero vector QEV such that Q+u= U
,
Hutu

"

there exists opposite

④ truer 3- _TeV such that n -1cal =o_

⑤ c ( Utu ) = cut cv KEIR
,
turret

⑥ Cctd )v= cut do V-cidc-IR.lt - c- ✓

⑦ @ d) u = c(du ) Heidt IR
,
Yuen

⑧ In =v we V

↳ (1- C- IR )



Everyveviscalkdavectes-Exauple.IR"

: A- tuples

y
1µm

✗ N

• upper triangular nxn matrices

• hxn matrices with trace E.

• Sequences Q : 0,010,0 , - -

% Convergent sequences

• Real valued functions with domain IR

{f:iR→R}
• Polynomials of degree less than or equal to E.

• nxn magic squares .

• hxn magic sq ares with mafic sum I .

-

Non-exanpke-cuiththeas-dperat.ms )
• Invertible matrices ( nxn ) Q = [0-0--0] is not inutile

,

b - o nxn

• trace = I Cnxn ) I has trace -_ 01--1



• Sequences conveying to * '

I ± (o , #①
. -

) → 0 =/ IT

I ¢ this set .

DÉ

Proposition Ou = Q Hut V .

Boot
.

Ou = OutQ=ÉÉ)
=

= ( out On ) - Ou

= (0+0) v - Ou

= Ou - Ou = Q

appositive vector

Piop ① = C- 1) u ve Tt

Food .

C-1) u = Q + C- 1) u

= -4+4+1-17 u

= - v + [ u + C-nu ]

= - v + [ Iv + c-Mv)

= -~+[ (1+1-11) ~ ]

= - v -1 ON = - v + I = - v .



Example ① ✓=/R define

U④V = Utv - l UN EIR

{ ✗☒ u = ✗u - ✗ + I ✗ ←R , ne IR

Prove that ① , ,
G.) is a vector space

just a few checks :

u ④~ =? ~ u

f t

h -1N- l =
~ -14 - I

U ④ ( view ) = u (~+w - 1) = u -1 Cuter -1 ) - I

= U + Ntv - 2{ (hav) u = ( a + ~ - 1) ④ w=n+~
- l -1W - I

= Utv -1W -2

etc.

What is I ? What is ① u ?

1
o

u①x=u+x-i=u?⃝
⇒x



-07 = Y ⇒ 7 y -7
+Y -1=1

"
"

⇒ Y=2 -7 = -5

G- U = 2-U >

-

Example's V=C)

/ + nu
'

✗OU =C4nKa_U ④ vi. =
4+-0

( Itu )
'

-1 ( 1-a)
✗

Q

U É=u
,

tu

7¥×=u ⇒ Y+x=Y+ñx
✗ =UZ✗

✗ (1-62)=0 ⇒ ✗ = 0

?⃝=O To
bk - least

4=-0 u
Uty

T+uy=Q=o
⇒ Y = D- u = - u



D. I ④ 0.1--9+2=0.0
,

=

,

i%n=¥¥%÷
Substrates

Definitely A subspace of a vector space -V is

a subset W of V that is a vector space as well with

the operations inherited from V.

Example :
W

,
-_ { 3×3 upper triangle matrices /

✓ = 1123×3 Wz={ 3×3 matrices with trace = of

trivial (
W} - { (888 ) } Wi subspaces of

0 O O
V

subspaces W4= V

If W F- V is a subspace .

its called a

proper subspace of v.



• W= { trace __ 1
,
3×3 matias }

W={48 :)) non -examples
o o o
-

Proposition . If WCV ,
✓ is avatar space ,

then W is a subspace iff W is nonempty

and is closed under addition and scalar multiplication .

V-u.ve W : U+~ c- W

}
"

closure
"

t ✗ c- IR
, Fut W : ✗ut W .

Oftentimes , to show W -1-01 it is easiest to

show I c- W

d

int

W= { AEIÑ
" / tr (A) =o } is

a subspace of V=R"" . Because

1) W -1-01 , Q = 188 ) c- V
,
tr (e) = 0+0=0

⇒ Q c- W . ✓



2) let a- ( Ebd ) ,
✓ = ( es E) ,

It

at D= o e -1h =O

U + ✓ = ( atebi-fc-gd.tn ) ⇒ ← (Utu) - cate / + Cd→h )

=(a +d) + Ceth )

= 0+0 = 0

✗ U = ( ✗ a
✗ b

✗ c ✗d) ⇒ trfu )=✗a+✗d=✗Ca+d ) --21oz

-

Later
. we will see that tr : IR

"-

→ IR

is a

"

linear transformation
"

,

W= Ker (tr) subspace • f IR
"

t
kernel

EI W={ A- c- 112
""

/ delta)=o| C IR
""

1--1%8) c- W ✓

detlAI-o.de/-CxA--xZdetCA1--x?o ✓

But 14%2+(0%-9)=(0%9) ¢w


