
Spare

let s
' CV be a subset . The spy of 5 is

the set

span (s ) : = { a. no , + e- - + anon / a , , - , an ER ,

no
, , - > runts

' }
NEW

span (4) : = { Q }

Note
① Spanos ] C V .

② S
'

C span (5)

Prof . If T E span ( s ) ,
thin span (T

) C- Span (5) .

Pioof .
"

A linear combination of linear combinations is also

a linear combination .

"

union

corollary . [ f T E span (s ) then span (TFS) = Spano ) .

Pwof_ . Span (SWT ) BE span (s ) b/c S C- SUT

also Span (SUT) C- Span ( S) b/c SUT C- Span (s) .



PI.P.si/im-

If S
'

C v ther span (5) is a subspace of v.

Proof . If 5=4 ⇒ span (5) = { It a subspace ofv .

Let 5=14 . To shore span (5) is a subspace of ✓ by

proving the
"

closure
"

properties :

U
, , Uz C- Spank) ⇒ hituz is a linear comb . of
b /

vectors in 5
→ U

, +uze Sparks ).
a linear

combination of vectors in S

ne span (5) → u= an,+ . . . + anvn GIER
vjes

✗ c- 112

⇒ ✗U= (da , ) ~ , -1. .
- + Caan ) un C- Span (5)

- ☐

EI The solution set of the equation

✗+ 2Y=o

is subspace of IRZ :

✗ = - ZY Y ,
✗ = -2s

S'= { l-zs.SI/selR } = { s(-2,11 / stir }



= span { (-2,1) ) ⇒ S is a subspace of Rd .

EI .

✗ 1- ZY = 1

Yes , ✗ = I -2s

( I -2s , s ) = ( 1,0 ) + s(-2,1 )

S={ (1,01+51-21) / SEIR / is not a subspace of 1122

Q & S ⇒ 5 is not a schrpaa.

Definition

A spat of a vector space is a subset

S
'

EV such that span G) it.

Obviously , ✓ is a spanning set for ✓ .

Examines ✓ = IRZ

1) 5- { Cho) , 1011 ) }
Cxiy ) -_ ✗ Clio)+p(0,11

let Cxiy )EÑ be awry .

= Capt

{
✗=xCxiy1=⑦Cho)-⑨(#
p=y

⇒ S is a spanning set .



2) 5={1.0111/(1-2,0)}

? ?

{
✗ = Y

Cray ) = ② (0,17 -1 (1-210) p=2×
= (0,2) + ( BK / o )

= ( Bait )
( 5

,
- 3) = -310 / 1) + to ( 112,01 . ⇒ S is a spanning set .

3) S={ ( 1,21 , (01-1) }

City ) = ✗ (1/2) tplo , -11 = (✗ ,z✗-p ) {
✗ =×

p=2✗-y

(✗ iy )
= ✗ (1,21 + 12×-9) ( o , - 1) .

⇒
5 is spanning set .

4) S={ ( 1,27 ,
( 1 ,

- 1) {

Cxiy) = ✗ ( liz) -1pct , - 1) = ( ✗ xp , X-p )

{
✗+f- ✗ ✗ = tcxty )
22 -p=y

p=§( 2×-21

⇒ 5 is Spann.j .

5) 5= { ( in) / cnn.CI ,e ) /

( ✗ iyl = ✗ Clio )-1J (0/1) to ( tire ) .

d (1/0) + P (0,1 ) -18 ( The )

= ( ✗ +rt , fire )



I ✗ + op + IT 8 = ✗

{ on + ip + er = y
✗ = ✗ - Tt 6

(
I 0 tt / %)
o l e B = y- e r

t

free
Colum,

Chip , 8) = ( x - tr, b -er , 8)

= ( ✗ , Y , o ) - r ( r , e ,
-1 )

t

any real number

6) S' =. f- =/R2 Cray ) = 1 Cxiy )

⇒ v is arpannigsetfr.

nrmexanptes

1) S
'
= { Coin )

span ( s ) = { s 10,17 Is c- 1121

= { ( Oss ) / STIR }

for example (4,32¢ span Is) .

2) S = { (1/2) , (3,6 ) , ( -1 , -2) |

Span (5) = Span { Cli ) } Kc ( 3,61 , C- 1
,
-2) c- span

{4211

= { s( 1,27 / SEIR }
= { Cs , 2s ) / SEIR /

( 0,11¢ Span ( s )



37 5=01 , span (4) = 10-1={1%09} =/
R2

4) 5={0-1--110,01} ⇒ span (5) = { I / =/ 1122

-

Linearlndependencen

A subset 5
' CT is called linearly independent

if any equation

✗ IV, +u - + ✗nun = 0_ ~ii-i~n→

has a unique solution 4=---=✗n=0_ .

EI 5={11/01,10111} C REV

✗ Clio ) + p (0/1)=10,0 )

( d ,p ) = 10,0 ) ⇒ ✗=B
.

S is linearly independent .

EI $= { Chul , (0/1) , (0/0) } C V=lÑ

( 0,0) = ✗ Clio ) + Plo ,$) +8 (0/0)

III c : : :| :)
t

freesis not linearly indigent .

5= { ( 1,0 ) , 10,1 ) , ( 1,1 ) }



( 1,0 ) + 1 ( 0,1 ) + C-1) ( 1,1) = (0,0 )

=

⇐ LP, = { ao -19×1 ao
, ai EIR } : polynomials

of degree atm
1 .

S = { 2+x , 4-5-1 , I -3-1 }

is linearly dependent

1 ( 2-1×7 - 114-5×7 + 211-3×7 = 0 = G-

✗(2+x)-p(4_-x)-r(i→×
(22 -14ps + r) + ( ✗ -5ps -38 ) ✗ = 0

{22+48+8=0
✗ - sp -38=0

(2 4 I / %) has infinity many solutions
I -5 -3

Chip , 8) including (0,0/0) .

-

⇐ 5- {un } C T is linearly independent

5 is linearly dependent when we can find

4. p ,
at least one of them montero

,
such that

thtpv = I

if p =/ o ⇒ v=
-

Ipu ⇒ u is a scalar multiple
of u



notation

U¥ if { a.v1 is linearly tepnoht -

II :
I - ✗ If 5- 5x

1- ✗ If 5- 4 ✗

Remarked A subset of a linearly independent set is linearly Igbpadt.

2) A superset of a linearly despondent set is linearly despondent.

E± Is 5 = { ✗ = ( 11431 , g. = (93,2 )
,

2- =L-1,1
,
-1 ) ) CIR

}

=
= =

linearly independent ?

✗✗ + By + ✓ 2- = Q -

t - t ✗ y z

iii. ¥1111T :] II. it2 3 1 00 )
: : :
my

determinant | Gauss elimiot:Ink)

I } If + c-v1 } } / = - s - (4-9)=0

met = IT : :| :o)o ① ①
t
free



t_n

what about 5
,
= { nay } ?

✗ ✗ 1- Py = (0,0 , 0 )

I::1:d

Basis

A basis for a vector space is a linearly independent

spanning subset .

Spanning property : makes a basis

"

too large?

linear independence property : × n r

' too small
'

EI The set B={ 2-x } is a basis for IP
,

,

1) Bisspanning :

? ?

Egg
= ✗ (1+4) + pcz - x )

11:11:11 :]x.de/---
-1-2=-3--10 ⇒ [ f.) = A-

'

[ I ] -

⇒ B is spanning



2) B is linearly independent .

0 = ✗ ( I + ✗ I + p( 2 - x )

(
I 2

i -11%1=1:]
a-

det -1-0 ⇒ ✗ =p ⇒


