
Given an ordered basis

E = ( b , , bz , - -
- ibn )

for TJ
,
each Nev can

be written

n_uh as

~=qb ,
+ Lzbz -1 - -- + tnbn (✗jE1R )

[~ ]E = 14 , - -
-

, in ) EIR
" coordinate - f

• fu with respect
to E.

Notice the function

✓→ IR
"

{ w- Eu ]
E

is a bijection : one to one and onto
.

onetoone ,
Ntw ⇒ [USE f- [HE

dcb
, , -→ bn)

If [v3
E- Ew]E

= ( ✗ , , -
- -

i dn )

n

v = Itjbj = w
j=n



onto : Given Chi -- , dnt c- 'Rh
,

then

[ Édjv;] = Ca , -→ an )
x

C- f-

,

\

Moreover ~ ↳ [ u ]E ,
is

"

linear
"

:

• [ut v ]g = In] -1 IN] • [ku ]z= k [a) EE E

let
(a)= (✗ is - - idn ) [ V ]E = ( P , , - - IBN )
E

u = Ésjbj
n

,

n = Ipiuj
I 1

u+u = É Cxjtp;) Nj ⇒ Cutie = Chip , , -- in -1A )
-

= (2
, , - - , an ) + Cp , , -→ Pn )

n n

La = k ? Lib ; = 2- ( ka;) bi ⇒ Thu ]E=Cka , - - , Ka )
I
=

=/< (4.→ Ln )

⇒ Indeed
,
IN ] → EVIE ,

f-→ IR
"

is

an isomorphisms

⇒ V EIR
"

: V , IR
"

are essentially
the same as vector spaces .
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EX-E-I.es in 1122 .

⇒ [ (ab)]E=(a.b) (a)b) = aqtbez

EI F= (eye, ) in IR
'

Ecaib ) ]
,
= ( b , a)

EI P
,
[× ] = {a-ibxla.be/R4stardandbans-

: ( 1.x ) = E

f- 1-8×3
,
=
C- 1 , - 8)

Another Basi :
B = ( 1-✗

, 1+2×7

E- I -8×3,3 = ( X , P ) c- IR
's

meaning -1--8^1 = ✗ G-x) + p( 1+2×7

=G+p)+(-a+zp

⇒ {
✗ + P=

-1

38=-9 ⇒ p= -3
-✗+2p= -8 2=-2

-

[ -1-8×3
Eg
= ( 2 , - 3)



Exampleforapplyiycoordn.ua#

Algorithm : To find a basis for the subspace

W= span {vi. - ion }

of Tf .

① Find a basis for V, call it B. .

vseastardardoneiifpossibh

② Build a matrix A using
=

[V1 ]B ,
- - -

, [Un ]B

as columns .

③ Ron redone A to an echelon fam R .

④ Take the columns of A corresponding to the

leading columns of R .

⑤ Use these columns as coordinate vectors to

build a basis for W .



Find a basis for

W= Span { 1-Xizex? 5-x -12×2 } c- Ex]

&

dim =3

①E)
" " " "

]
A- = [ - I 0 - I

0 I
2)

LEE [ too ! I )=R
leading

⇒ (1/-1,0) ,
(2,0/1) form a basis for the

Colla) .

⇒ { 1-x , 2 ,+ñ{ frm a ban
'

for Ñ .

→(dim W=z )
=rankA= rank R

#

changeofbasis-Exam-plevs.IR?-
.

E- = ( ( hot , 10,11 )
D= ( cnn.ci.it ) I ? 11=10



let we V such that Ew]B= (3--1) .

⇒ w= 3 (2,07-211,1) = ( 4 ,
-2)

= =

⇒ [W ]E= (-41--2) .

Note that

a)
⇐ =[I ] =3 [31-24]--13 ;]
mm

[w]E = [ 12101<=1
,

(1) 1) E) [w ]
B

-

tansmix TBE fomB_toE

[w]L=-pÉ[w]B

Definition let B = Cbi , - , bn ) and C-- la , - .cn )

be two ordered bases for F- Then trmsitinmatrix

from B to C is defined by

TBC = [ [% - - -
- [ bn]
, ]

Proposition In]c = TB
' tis

,



proof . B = ( b , , - >
bn )

[~]
,

= ( pm -→ Pn)

⇒ v =P ,b , + ii. + pnbn

[~]
,
= [ fib , + - - - + pnbn] , = P , [ bi]c+ . . -

+ Pr [ bn ],

= [ [ bi]c - -
- - [big][%pn] = Tp' E~JB.DE
-

Proposition T.sc = (IB )
"

.

In ]
☐
= Tots Erik = To? (Tpi [ v3 ,) =T?T§ [v3 ,

=

Ev)c=T÷Év ]
→

B = Tfs ( T ? [v27 =

T.it?-uz-TBTfs--I--TfsTcB.Ex-
In a previous example

,
we found

T☐E = [ Z f ] for ✓ with

E = (ever)

☒ = {13%41}

F-
☐

= TIBET = (2 I

• a.) = :( '

oil =L ! :')



⇒ [ ( 1,21 ]B = TEB .
Ella ) ]E = ( § Y) (f) = [¥ )

⇒ [ ( 1,273,3 = (-112/2)

Exercise Find [ 2- × ] , if 13--4=2 .IE
)

① direct way :
2- ✗ = ②G- x ) +④ 1+2×1

⇒ [2- ✗ 3 ☐ = (F)

② Transition Find TEB = ftp.EJ! ( [ b.) e [ bite]
"

=L! , :) -1=1,1 ? it

[ 2 - x ]
,
= TEB [ 2- × ]e= Is ( ? 4) (F)

= § (F) = (5/3,13)

Eiastadmdbam.int#
B. C : two other ordered bases for ✓

BFs*o, T,i= CTE )"T☐E



Eric = TÉELE = TE
' (TBEEVJB)

=(TÉTBE ) Eu ]☐
I
T
,

'
= TÉ - TBE = (⇒

"

TBE .

~

Examples V= 1122
big É•c= ( c-iii. am) .

B= ( Girl , 13,41)

suppose
[ (hib ) ]B = ( 5. 4) .

Find [ Cab )]
,

,

[ Cain ]c= Tpf Elahi , = TBC [ E, ]

= TÉTBE [ E) = (TCEÑTBE . (E)

= fi :)? K :) (E)


